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Abstract 

The existence of a "bonus" U(l) level-one Yangian symmetry of 
N=4 super- Yang-Mills has recently been proposed. We provide evi- 
dence for this proposal by constructing the BRST-invariant nonlocal 
charge in the pure spinor sigma model corresponding to this bonus 
level-one symmetry. We also construct analogous charges for bonus 
U(l) symmetries at all odd levels of the Yangian. 
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1 Introduction 



The four-dimensional N = 4 supersymmetric Yang-Mills theory is invari- 
ant under the global superconformal group P5'[/(2, 2|4). This symmetry is 
manifest in the super- Yang-Mills equations of motion. Besides these global 
symmetries, there are also "hidden" non-obvious symmetries which are of- 
ten referred to as Yangian symmetries. It has been assumed that there are 
as many of these hidden symmetries as there are generators in the Yangian 
algebra of ps'u(2, 2|4). But recently it was proposed in [1] that there is an 
additional "bonus" Yangian symmetry at level one and evidence for this 
symmetry was given in [21 El S] • 

In the present paper we will construct an infinite family of bonus Yangian 
charges in the corresponding pure spinor superstring sigma-model. These 
additional charges extend the PSU{2, 2|4) Yangian symmetries to PU (2, 2|4), 
but only at the odd levels. By "level" we mean the number of integrals in the 
most nonlocal term, minus one; for example the superconformal symmetries 
are at level zero because they are given by a single integral of a local current: 



The bonus charges only exist at the odd levels; in particular, the global 
superconformal symmetries remain PSU{2,2\A), they do not get extended 
to PU{2,2\4). If this additional symmetry were a global superconformal 
symmetry like ([1]), then it would be the "bonus" symmetry described in [5]. 

The multilocal conserved charges were constructed in the pure spinor 
formalism in [SI E]. For example, the following formula was used to describe 
the conserved charges at level one: 



where j are the currents of the global superconformal symmetry, and k is 
some local expression which is needed for the BRST invariance and the con- 
servation. Notice that j takes values in the Lie superalgebra of the super- 
conformal symmetries, which is ^5-^(2, 2|4). Therefore the standard interpre- 
tation of the bilocal charges (|2|) implies that they take value in psu{2,2\4:). 
But nothing apriori prevents us from considering the commutator in ([2|) as an 
element of su{2, 2|4) — the central extension of psu{2,2\4). Then we obtain 




(1) 
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the bilocal charges with values in s-u(2,2|4). The new thing here is that we 
remember the central term which has previously been factored out. Now we 
have to try to repeat the arguments of [6l [7] and verify that they still hold 
even if we do keep the central term. We will do it in the present paper. It 
turns out that the arguments remain valid for the odd level charges like ()2]), 
but not for the even level charges like ([T]). 

There are two popular methods for packaging the higher conserved charges. 
One is to use the multiple integrals like ([2]), and the other is to use the 
monodromy matrix T{z), which depends on the spectral parameter z. The 
calculations are often more automatic using T{z), but explicitly analyzing 
the multiple integrals sometimes leads to interesting observations about the 
BRST complex. We use both approaches in this paper. In Section [3] we study 
the lift of T{z) to the centrally extended group, and obtain the generating 
function of the bonus charges in Section 13.21 Then in Section H] we study the 
multiple integrals and the contact terms which arise in their BRST variation. 
We find that the construction of |6l [7] works including the central terms at 
the level 1, but (as expected) does not work at the level 0. As a biproduct 
we make observations about the BRST complex at low momentum, which 
may be useful for understanding the dilaton vertex and the b ghost. 

An obvious question is to find a physical meaning for the bonus Yangian 
symmetries. Although Yang-Mills theory at nonzero coupling is not invariant 
under the global bonus symmetry, free Yang-Mills theory is invariant since 
the free action is quadratic and preserves helicity. The sigma model corre- 
sponding to free Yang-Mills is at zero ^4^5' radius and was conjectured in 
|8] to be described by a topological string. Turning on the vertex operator 
corresponding to the radius modulus deforms this topological sigma model 
and spontaneously breaks the U{1) bonus symmetry. 

One possibility is that the bonus Yangian symmetries at odd levels sur- 
vive this spontaneous symmetry breaking. If this mechanism of spontaneous 
U{1) symmetry breaking is correct, the nonlocal conserved charges found in 
this paper might be analogous to the charges found by Yoneya in [9] which 
describe the spontaneous breaking of spacetime supersymmetry. It is inter- 
esting to point out that the AdS^ x sigma model is invariant under a 
discrete version of the bonus U(l) symmetry which switches the fermionic 
currents Ji with J3 and simultaneously switches the worldsheet coordinates 
z and z. 
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Comment on terminology, to avoid confusion Expressions of the form 
take values in the Lie superalgebra su{2, 2|4). To get a number from such 
an expression (rather than an element of a superalgebra), we must trace it 
with an element ^ E pu{2,2\4): 

^C = Str(e (/ / [jM^jM]- / k) ) (3) 

Similarly for the global charges: 

= Str y J ) (4) 

We would like to stress that although ([T]) and ([2]) take values in sm(2,2|4), 
the corresponding charges are parametrized by elements ^ of pu{2,2\4). The 
Poisson bracket of and qr, is proportional to q[^,rt]- The Poisson bracket 
of and is proportional to %,»,]. Therefore terminologically it is more 
natural to say that the nonlocal charges are extended (at the odd levels) to 
P[/(2,2|4). (Rather than to say 5[/(2,2|4).) 



2 Notations and brief review 



2.1 Pure spinor sigma-model 

The matter degrees of freedom are encoded in the group-valued variable 
g G PSU{2,2\A). The action is constructed out of the right-invariant current 



J = -dgg ^ 



(5) 



which is invariant under g gH, with H G PSU{2,2\4) being a global 
parameter. 

We use notations from Section 2 of p^. The spectral parameter of the 
Lax operator will be denoted z. The Lax equation is 



'A 







where 



N+ + z-'^J-i+ + z-^J2+ + z-^Ji+ + z-^N+ 



(6) 

(7) 
(8) 
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and and are Lorentz currents constructed out of the left and right- 
moving pure spinor ghosts. We will also introduce / by 



/ = log z 



(9) 



The BRST symmetry acts on the fundamental field gij^ ^ r ) in the following 
way: 

Qg = (As + Ai)^ (10) 

where A3 and Ai are constructed from the left and right-moving pure spinor 
ghosts. The BRST variation of the Lax connection is given by the following 
expression: 

eQjW = {z-h\s + zeXi) (11) 

This is true when the equations of motion for A are satisfied; but the matter 
equations of motion are not needed for fill I) . 



2.2 Nonlocal conserved charges 

Let us define the transfer-matrix in the following way: 



T{z) = gi+00)-' (^Pexp J (-JW)) 9i-oo) 



Observe that: 



d 
Jl 



T{z) 



1=0 



J 



where j is the density of the global conserved charges: 

_i dJ 



J = 9 



dl 
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1=0 



The BRST variation of the current is: 

eQj = d {g^^ {eXs ~ eXi) g) 



(12) 



(13) 



(14) 



(15) 



Similarly we may construct the higher "Yangian-type" currents by consider- 
ing the higher derivatives with respect to the spectral parameter: 



:-iy" 



df 



T{z) 



1=0 



J ■■■ J 



(16) 



The right hand side is the sum of multiple integrals; the leading term is the 
n-tuple integral of n global currents (IT^ . and the subleading terms are the 
integrals of lower multiplicity. We observe: 



eQ—T{z) = 
= i 9'\+oo) P 



= boundary terms 
so it is automatically BRST-closed. 



(eAW) exp / (- jW) 



(17) 



3 From PSU{2, 2|4) to 5/7(2, 2|4) 

The worldsheet g takes values in the group manifold PSU{2, 2|4). Therefore 
the transfer matrix T also takes values in PSU{2, 2|4). 



3.1 Lifting g 

Let us, however, consider some arbitrary lift of g from PSU (2, 2 1 4) to SU (2, 2|4). 
After we lift g, it makes sense to consider T defined in ( fT2l) also as an element 
of SU{2,2\4). It is natural to ask the following questions: 

1. there are many ways to lift g from PSU to SU; is T independent of 
the choice of the lift of g7 

2. is it true that the lifted T is BRST-closed? 

3. is it true that the lifted T does not depend on the contour? 

It turns out that the answers to all of these questions are negative. Let us 
for example consider the first question: 

• what happens when we change g — )■ e^'^g where ^ is a real-valued func- 
tion of r"*" and r~? 

It turns out that T does change. The variation comes from the variation of 
J2 = —{dgg~^)2, and equals to the following expression: 



T{z) — exp 



(^{z-'-z') I *dcf> + {z-' + z') I dci^ 



T{z) (18) 



5 



The second term in the parenthesis is reduced to boundary terms, but the 
first one is an essential bulk term. 

Notice that most of the components of T{z) do not depend on the choice 
of a lift, only the "central component" does. To capture this "central com- 
ponent" , we will introduce the following notation: 

C{z) = StT{s\ogT{z)) (19) 



where s 



l4x4 
— l4x4 



Let us think of T{z) as an 4|4 x 4|4 matrix. We understand logT{z) as a 
power series expansion in / around I = 0; when / = we get T{z = 1) = 1. 

Equation (fT8|) implies that C{z) is not a well-defined function on the string 
phase space, because it does depend on the lift of g. But the dependence on 
the choice of the lift is rather simple. When we change g — )■ e^'^g we get: 



C{z) ^ C{z) + 4z (^{z-^ - z") j *d(P + {z-^ + z^) j d(j?j 



(20) 



The second term in parentheses is a total derivative, but the first one is not. 

3.2 Construction of additional charges 

Let us pick N complex numbers zi, . . . , satisfying: 

N 

- z]) = (21) 

i=l 

and consider I{zi, . . . , z^) defined as follows: 

N N 

I{z^, ...,z^) = Y,StT C{z,) = Str {s log T{z,)) (22) 

1=1 i=l 

Eq. (I2UI) implies that up to boundary terms I{zi^ . . . , zjq) does not depend 
on the choice of a lift. In particular, let us consider N = 2, z\ = z and 
Z2 = z~^ . Define /(/) as follows: 

/(/) = Str ( s [ \ogT{z) + logT(^-i) ] ) (23) 
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Expanding in powers of / we get: 

/(/) = + hl^ + /g/' + . . . 
where h = ^ti {s [T" - [T'f]) 
I4 = Str I s 



}_rpllll \(T^'T^"' _j_ rplllrpl\ \ \ 

12 6^ ^ 4^ ^ ^ 



-- {{T'YT" + T'T'T + T"{T'f) - -(T') 
3 2 



etc . 



(24) 
(25) 

(26) 
(27) 



where T' = L ^, T 

dl U=0' 

bonus charges. 



HP' 



1=0 



, etc. This gives an infinite family of 



3.3 Independence of the deformation of the contour 

The equation of motion for currents is only satisfied modulo the central terms. 
After the lift we have: 



(28) 



where F = F^ dr"*" A dT~ is some 2;-independent 2-form taking values in the 

center of su{2, 2|4). This implies that the variation of T under the change of 
the contour C is: 



STiz) 



1 



c \z 



Z L„F 



T{z) 



(29) 



where v is the section of the normal bundle to the contour, which describes 
its variations. This implies that the variation of ( l22l) is zero, i.e. that ( l22i) 
is contour-independent. 



4 BRST symmetry and contact terms 

In this Section we will discuss the construction of the bonus charges from the 
point of view of [7]. 
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4.1 Nonlocal charges from multiple integrals 

4.1.1 Definition and transformation under conformal supersym- 
metries 

Let us try to construct the bonus charge as in [7|: 

Str (s [ [ [j{a,) , jia^)]) -/(...) (30) 

where: 

-L) (^^) 

and j(cr) are the conserved currents for the global PS't/(2,2|4) symmetries. 
Contact terms prevent the double integral in the first term of fl5Ul) from being 
contour-independent on its own. But sometimes it is possible to compensate 
its variation by the variation of the second term, which is a single integral of 
a local expression. 

Under global PSU{2,2\A) transformations parameterized by fi, the first 
term of (130|) transforms into 

str(s[n, 1 1 [j(ai), j(^2)]])=str([.,fi] 1 1 b(^i) , J(^2)]) 

(32) 

where [s.,VL\ = ±2 Q if is a fermionic PSU{2, 2|4) generator and [s,Q] = 
if f2 is a bosonic P5'[/(2, 2|4). So (15U]) transforms as the level-one bonus 
Yangian generator as described in pLj. 

4.1.2 BRST variation 

Since / j{a) is BRST-closed, eQ j = d A(e) for some A(e) satisfying QA{e) = 
0. Using the notation of [11], one finds that 

A(e) = g-\eXs - eXi)g (33) 

The BRST variation of the double integral therefore gives: 

2Str J [A(e),j]) (34) 
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The double integral became a single integral. As a check, let us verify that 
is Q-exact: 

2 eQ Str (^s j [A(e'),j]) = 2 Str (^s j [A(e'), rfA(e)] 

= dStr (^s j [A(e'),A(e)] 



= boundary terms (35) 

As was explained in [7], the construction of multilocal charges requires that 
the following expression: 

Str(s [A(e'),A(e)]) (36) 

is Q-exact. Using 



Str {s [A(e'), A(e)]) = 2e'e Str [s g-' (A3A3 + AiAi - {Ai, X,})g) = 
= -eQ Str {s g-' {e'X, + e'X,) g) + 4e'e Str {s g-' (A? + A^) g) (37) 

The pure spinor constraint implies that A^ and A3 are in the center of 
sm(2, 2|4). So fl36l) is equal to the sum of a Q-exact expression: 

-eQStT{s g-\e'Xs + e'Xi)g) (38) 

plus the following expression, which does not contain g: 

Ae'e Str {sXl + sXl) (39) 

It will now be shown that fl39l) is Q-exact. 

4.1.3 BRST triviality of the central terms 

Equation fl39|) can be rewritten either using the notations of [12]: 

Str ( A3 [s, A3] + Ai [s, Ai] ) = -2« ( 1 1 Ai n Al 1 1 - 1 1 A^ n A^ 1 1 ) (40) 
or the gamma-matrix notations: 

{XlF^pXl) - {XlhpX^^) (41) 
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where a = 1 to 16 is an SO (9,1) spinor index, is the RR 5- form field 
strength contracted with five F-matrices, and and are the left and 
right-moving d = 10 pure spinors. The relation to the notations of is: 



As = . -1 , n ^1 = ■ -i\ n (42) 

The expression f p9|) is obviously BRST-closed, but it is also BRST-exact. In 
order to demonstrate that it is BRST exact, we consider a special class of 
ghost number 1 vertices which was introduced in [13]. 

Consider the following decomposition of the Lie superalgebra g = u{2,2\4): 

g = g+ + geven + g- (43) 

where geven is the even subalgebra and g+ and g_ consist of the matrices of 
the form ( -^4x4 \ f Oaxa Oaxa \ ^ rggpgc^jyely. We start with 

y U4x4 U4x4 / \ ^4x4 U4X4 / 

a variant of the Gauss decomposition of g: 

g= e^+e"e^- (44) 
where 9± E g± , X E geven (45) 

We then define the ghost number one expression as follows: 

y(^,A,e) = 2Str(s[eA3 + eAi, 6+]) (46) 

In the gamma-matrix notation this equals to: 

V{g,X) = {XLFe+)-{XnFe+) (47) 

Then Q of this V{g, X,e) equals (15^ : 

e'QV{g, A, e) = 2ee' Str (sA^ + sXl) (48) 

It is not immediately obvious why the RHS of (1481) does not contain terms 
quadratic or higher power in 6. We will prove it using the results of [12]. 

Lemma: 

QdlA^n^^+ll- ||A^n^+||) = IIA^nAill- IIA^nA^II (49) 
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Proof: The action of BRST symmetry in the coordinates fl44p was com- 
puted in [12]: 

eQL^ = (eAL^) $ - I (^{9+ n e\L U ^+)^) ^ (50) 
eQR^ = (eAfi^) $ + ^ ((^^+ n eA^ U 0+)^^ (51) 
Then (H9l) follows from the following observations: 

||ALn^+uA^,n^+|| = (52) 
||ALn6'+uALn^+|| + ||Aijn6'+uALn^+|| = o (53) 

||A,jn^+uARn^+|| = (54) 

which follow from symmetries. In the gamma-matrix notations, the vanishing 
of these terms can be seen in the following way. Observe that the second term 
on the RHS of fISU]) can be written as: 

QlO^ = -zFr'"0+(^+r„AL) (55) 

Similarly, Qr6^ results in a similar expression but with the overall minus 
sign. Then we get, e.g., 

{Ql + Qr^l - XR)Fe+) = -i{9^TUXl - Aij))((Ai - XajF^T^^O^) (56) 

= -t{e+V^{XL - \rW+V^{\l - Xr)) = (57) 

(This would be zero even if A were not pure, just because of the symmetry.) 
This means that the following expression: 

2 Str {s [A(e), j]) + d Str {sg-\eX^ + eAi)^) - 

- d ((eAiFe+) - {t\RFe+)) (58) 

is Q-closed, and therefore also Q-exact since the BRST cohomology is trivial 
for operators of non-zero conformal weight. The expression (|58|1 can be also 
presented in the following way: 

2 Str {s [A(e), j]) + d Str {sg-^\eh + e\^)g) - 

- 4 d Str (s[eA3, 6+] + s[eAi, 6*+]) (59) 
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Setting ( 155]) equal to Q (...); one finds that (1501) is BRST-closed. 

The last term in (I58p appears rather mysterious. It cannot be expressed 
in manifestly PSU (2, 2|4) covariant notation, so it is unclear if the arguments 
of [7] can be used to prove that the bonus Yangian symmetries survive after 
including quantum corrections. Furthermore, the operator 



{XlFXl - XRFXn) = {Ql + Qr) ((AlF^+) - {XrF9, 



(60) 



bears a certain resemblence to the zero-momentum dilaton vertex operator 
in bosonic string theory which can be expressed as [H] 

(61) 



Vd = (Ql + QR){dcL - Ocr) = clO'^cl - crO'^cr 



where cl and cr are the left and right-moving reparameterization ghosts. 
Note that Vo is not BRST-trivial in the semirelative cohomology, i.e. if one 
requires that the zero model of bi — bR annihilates the gauge parameter. It 
would be interesting to study further the resemblence of ( 160|) and (16T|) using 
the AdS^ X b ghost constructed in [15]. However, in this paper, we will 
explain the structure of (!60|) in a different way in the following Section 14.21 

4.2 Lifted BRST operator and compensating gauge 
transformation 

4.2.1 BRST transformation of the components of currents 

With the lifted g and the BRST operator still defined by ( ITOj) . we have: 



eQ{9 ^9 



9 



df 



9 



29 



-1 



(ijH deX^ 



dl 



dl 



9-'^,iD^'^eX^^^)g 



g - d{g eXg) 



(62) 



where the left hand side and the right hand side are both taken at 2; = 1. 

Equation (l62l) is the same when g and J are lifted to SU{2,2\4) and 
sm(2,2|4), as it was when we considered them as elements of PSU{2,2\4) 
and psu{2,2\4). What changes, however, is that after the lift the BRST 
operator defined by (|TOl) is not nilpotent: 



Q'g={Xl + Xl)g + {X^,Xi}9 



(63) 
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This results in the following variation of J^^': 

Q2jM = _d [z-'Xl + z'Xl) - dW{A3, Ai} (64) 
This means that the right hand side of (1621) is not BRST-closeci. 

4.2.2 Fixing the gauge 

The hfted Q is not nilpotent, but its square is the u{l) gauge transformation. 
Therefore we can make the lifted Q nilpotent if we fix the u{l) gauge, i.e. 
choose a particular lift. The following gauge is convenient: 

g= e^+e"e^- (65) 
where 9± ^ g± , X G geven , Str {,sx) = (66) 

where the notations are the same as in (H3ll . What actually fixes the gauge 
is the condition Str (sx) = 0. 

We modify Q by adding to it the compensating gauge transformation, so 
that the resulting Q preserves the gauge: 

Qg = Xg + cig,X)g (67) 

where c{g, A) is an appropriate m(1) gauge compensator, proportional to the 
unit matrix. This compensated Q is automatically nilponent: 

= (68) 

which implies that the BRST variation of c is given by: 

Qc=-{Xl + Xl) (69) 

We observe that the variation of J'^' under the compensating gauge trans- 
formation is given by: 

5comp = {{z-^ + z')dc + (2-2 - z^) * dc) (70) 

■^The last term —d{\^,Xi} was present even before the hft, but it only results in the 
boundary terms. The new terms —d (z~^A| + z'^X^) are z-dependent; this is because the 
unit matrix has Z4-grading 2, rather than 
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4.2.3 Lifted global currents are not BRST closed 



Let us try to lift the conserved current corresponding to the global symmetry, 
using the gauge fl65|) . We observe that the BRST variation of the lifted global 
conserved current is not a total derivative: 

Qj = Q ^g-^^g^ = [total derivative] + 2 * dc (71) 

The extra term 2 * dc comes from the compensating gauge transformation 
flTOj) of Jg- We conclude that we cannot lift the local conserved charges 
corresponding to the global symmetries. Therefore the global symmetries 
are indeed only PSU{2,2\A), and not SU{2,2\A). 

Notice also that in the hilocal charges (I5U]) . in the variation of the double 
integral, the term 2*dc enters as the commutator [j , 2*dc\, and this vanishes 
because c is in the center. 



4.2.4 Explanation of Eq. (I59l) 

Let us now return to the discussion of the contact term in the BRST variation 
of the bilocal charges. We have the following modification of ( l62l) : 



eQ{9 -^9 



Adc 



dl 



dl 



g-d{g hXg)- 



(72) 



Let us now study the compensator c more explicitly. A calculation using the 
gauge (ES]) gives: 



c{g,eX) 



Str(g[6A3,g+]) + Str(5[6Ai,g+]) 
Str s 



(73) 



This means that (!72|) agrees with (l59l) . This explains the last term in Eqs. 
(!58|) . (!59l) and shows that (!58|) equals to eQ {9~'^^-^g) in the gauge (165|) . 



4.3 Summary of the double integral construction 

We conclude that the following bilocal charge is BRST-closed up to boundary 
terms, including the u{l) part: 




b(^i),j(^2)]- / k 



0"l>0-2 



(74) 
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where j = g ^ ^li^^g and k = g ^ ^ g. Notice that a different choice 

of a hft of g would change k by adding to it a total derivative, and c of ( !72|) 
by a BRST exact expression. 

In fact (|74l) is equal to /2 given by ( l25l) . The subtraction of (T')^ turns 
2 / /ai>a2 i(^i)i(^2) into / L,>^Ji(^i), i(^2)], which is necessary for the n(l) 
gauge invariance (see the end of Section l4.2.3p . 

Eq. fl7i|) is essentially the same as in [7J, except for in \7j it was only 
claimed up to the central terms, in other words up to u{l). The current paper 
shows that actually the part of the same expression fITil) is also BRST 
closed and contour-independent (up to boundary terms). This corresponds 
to the bonus symmetry of pL]. 
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